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Abstract—This paper investigates the optimal resource al-
location for a Gaussian multiple access channel (MAC) with
two transmitters powered by a shared energy harvester. A
deterministic energy-harvesting (EH) model is adopted, which
assumes that the energy arrival amounts and timing are non-
causally known before transmissions. Besides, packets for both
transmitters are assumed always ready before transmissions. We
first formulate the resource allocation problem to characterize
the maximum departure region over a finite time horizon as a
convex optimization problem. The structural properties of the
sum power profile is then studied by exploiting the convexity
of the sum power function, which simplifies the optimization
problem. Finally, the optimal resource allocation between the
two transmitters, in which there exists a cut-off rate at the
stronger transmitter, is obtained. We also demonstrate that
under the same energy arrival profile, MAC with shared energy
harvester achieves the same maximum departure region as its
dual broadcast channel (BC).

I. INTRODUCTION

In conventional wireless communication systems such as
wireless sensor networks, nodes are powered by conventional
constant power supplies, e.g., batteries, which provide stable
output but with limited capacities. However, when a large
amount of sensors are deployed inside a building or in a hostile
environment, replacing or recharging the batteries is imprac-
tical or highly cost-inefficient. Recently, a newly emerged
technology called energy harvesting based communication can
effectively address these problems. An energy harvester can
capture green energy from the environment and therefore can
potentially provide unlimited energy. It is envisaged to become
one of the important components of future networks, such as
smart grid and Internet of Things [1], [2].

Prior to the emergence of energy harvesters, the research
on energy-constrained wireless communication systems was
mainly based on the assumption of constant and continuous
power supply. For the energy harvester powered wireless
systems, the harvested energy level is discrete and fluctuating
over time. Such irregular energy arrival processes introduce a
new type of energy-harvesting (EH) constraint, i.e., the total
amount of energy consumed at an arbitrary time should be
no more than the total amount of harvested energy up to
this time. Such unique constraints pose new challenges to the
design of wireless communication systems and thus invoke
the need of properly designed resource allocation schemes
that could adjust transmission power/rate adaptively according

to the energy harvesting information to maximize the system
throughput without violating the EH constraints.

The optimal scheduling scheme under EH constraints in
point-to-point channels was studied in [3] and [4] with
deterministic energy-harvesting model and in [5] with ran-
dom energy-harvesting model. With deterministic energy-
harvesting model, the parallel work in [6] and [7] investigated
the transmission completion time minimization problem in a
Gaussian broadcast channel (BC). In particular, the authors in
[6] proved that: 1) the optimal sum power sequence has the
same structure properties as that in [3]; and 2) there exists
a cut-off power for power allocation between the signals to
the two receivers where only the power higher than the cut-
off level is allocated to the weaker user. In [8], the optimal
energy scheduling strategies were developed for a two-user
multiple access channel where each transmitter is equipped
with its own energy harvester.

All the above works assume that each transmitter is
equipped with an individual energy harvester. However, it is
possible that the harvested energy at one harvester can be
utilized to operate more than one transmitters, for example,
in a solar panel powered household with multiple terminals.
In this paper, we study a simple two-user Gaussian multiple
access channel (MAC) where the two transmitters are powered
by a shared common energy harvester. We adopt the deter-
ministic energy-harvesting model, which basically assumes
that the future energy-harvesting levels can be predicted with
negligible errors. Given a transmission deadline, the aim of
our work is to characterize the boundary of the maximum
departure region and find the optimal resource allocation
scheme to achieve any point on the boundary. Note that in
[9], we studied a related problem for MAC with conferencing
links and a common shared energy harvesting source.

The remainder of the paper is organized as follows. Section
II presents the system model and formulates the departure re-
gion characterization problem. Section III derives the structure
of the optimal sum power sequence and gives the optimal
resource allocation between the two transmitters. Section IV
discusses the throughput duality between MAC with a shared
energy harvester and the BC under the same energy arrival
profile. Numerical results are presented in Section V, which
compare the performance of the optimal offline scheme and
two online schemes. Finally, Section VI concludes the paper.

Notation: (·)+ = max(·, 0).



II. SYSTEM MODEL AND PROBLEM
FORMULATION

A. System Model

As illustrated in Fig. 1, we consider a two-user Gaussian
multiple access channel, where each transmitter node has its
own data queue. The two transmitters share the energy pro-
vided by a common energy harvester. Similar to [3], [5], [6],
[8], the battery capacity of the energy harvester is assumed to
be infinite. The constant channel power gains from transmitter
1 and transmitter 2 to the receiver are denoted by h1 and h2,
respectively. Without loss of generality, we assume h1 > h2,
which indicates that the link from transmitter 1 to the receiver
is stronger than that from transmitter 2 to the receiver. The
transmitter with a higher (lower) channel gain is called the
stronger (weaker) transmitter.

Energy Queue

Transmitter 1

Transmitter 2

Receiver

Fig. 1. Gaussian MAC with a shared energy harvester

The two transmitters communicate to the single receiver,
where the received signal Y (t) at time t is [10]

Y (t) =
√
h1P1(t)X1(t) +

√
h2P2(t)X2(t) + Z(t), (1)

where Xi(t), i = 1, 2, is the unit-power transmitted signals at
transmitter i, Pi(t) is the power allocated to transmitter i, and
Z(t) is the additive circularly symmetric complex Gaussian
(CSCG) noise with zero mean and unit variance. We denote
the transmission rates of the two transmitters at time t under
such power constraints as r1(t) and r2(t), respectively.

... ...

Fig. 2. Deterministic Energy-harvesting Model

A deterministic EH model, as shown in Fig. 2, is adopted.
Before the start of transmission, the system has a priori knowl-
edge about the energy arrival timing and the corresponding
harvested amounts. Before the transmission deadline T , sup-
pose there are N energy arrivals with the n-th harvested energy
arriving at time sn with an amount of En, n = 0, 1, · · · , N−1.
For convenience, we let s0 = 0 and sN = T (note that
there is no energy arrival at sN = T ). The duration between
the (n − 1)-th and the n-th energy arrivals is denoted as
ln = sn − sn−1, 1 ≤ n ≤ N , with l = [l1, . . . , lN ]T , where
AT represents the transpose of vector A.

B. Problem Formulation

In this subsection, we firstly derive the minimum sum
power g (r1 (t) , r2 (t)) required to achieve given data rates
(r1(t), r2(t)) of the two transmitters at time t. Then, we define
the maximum departure region and formulate an optimization
problem whose optimal solution gives the resource allocation
scheme that achieves the boundary points of the maximum
departure region. In the sequel, we omit the index t whenever
it causes no confusion.

The capacity region of the Gaussian MAC is given by [10]
r1 ≤ log2(1 + h1P1) (2)
r2 ≤ log2(1 + h2P2) (3)
r1 + r2 ≤ log2(1 + h1P1 + h2P2), (4)

which is convex over (r1, r2) [11].
Given the data rates (r1, r2) of the two transmitters, the

minimum sum transmit power required can be obtained from
the following problem

(P1) g (r1, r2) = min
{P1,P2}

P1 + P2 (5)

s.t. (2)−(4). (6)

Proposition 1. For a given non-negative rate pair (r1, r2)
and h1 > h2, the minimum transmit power is achieved when
equality is achieved for (3) and (4). The minimum sum power
and corresponding power allocation for the two transmitters
are

g(r1, r2)
∆
=

2(r1+r2) − 2r2

h1
+

2r2 − 1

h2
, (7)

P1 =
2(r1+r2) − 2r2

h1
, (8)

P2 =
2r2 − 1

h2
. (9)

Proof. Note that problem (P1) is convex and its Lagrangian
L is defined as:

L(P1, P2, λ1, λ2, λ3) =

2∑
j=1

λj(2
rj − 1− hjPj)

+ λ3(2r1+r2 − 1− h1P1 − h2P2) + P1 + P2,

(10)

where λ1 ≥ 0, λ2 ≥ 0, and λ3 ≥ 0 are the Lagrangian
multipliers.

By letting the partial derivatives of L with respective to P1

and P2 be equal to zero, respectively, the first set of optimality
conditions is given as

1− λ1h1 − λ3h1 = 0, (11)

1− λ2h2 − λ3h2 = 0. (12)

Note that the complementary slackness conditions of this
problem are:

λ1(2r1 − 1− h1P1) = 0, (13)

λ2(2r2 − 1− h2P2) = 0, (14)

λ3(2r1+r2 − 1− h1P1 − h2P2) = 0. (15)



If λ2 = 0, solving (11) and (12) gives λ3 = 1
h2

> 0 and
λ1 = 1

h1
− 1
h2
< 0, which is infeasible as the condition λ1 ≥ 0

is violated. If λ3 = 0, solving (11) and (12) gives λ1 = 1
h1
> 0

and λ2 = 1
h2

> 0, which is also infeasible, since it would
imply that constraints (2) and (3) should be achieved with
equality, which violates the constraint (4). Thus, we conclude
that λ2 > 0 and λ3 > 0 both hold.

Therefore, by complementary slackness, we have that the
optimal solution of problem (P1) is achieved when constraints
(3) and (4) are achieved with equality, while the constraint (2)
would be inactive since (2) and (3) cannot be active at the
same time as we argued above. Based on this, the power P1

and P2 allocated for transmitters 1 and 2, respectively, and the
minimum sum power g(r1, r2) = P1 + P2 could be obtained.

As indicated in Fig. 2, the energy provided by the energy
harvester is intermittent and discrete over time. As a result,
the transmission scheme adopted by the EH system must
guarantee that by any arbitrary time t ∈ [0, T ), the total
amount of energy consumed by the system can only be
smaller than or equal to the total amount of energy harvested
during [0, t]. This constraint is called the EH constraint and is
mathematically modeled as∫ t

0

g (r1 (τ) , r2 (τ))dτ ≤
j∑

n=0

En, ∀t ∈ [0, T ) , (16)

where j is the index of the last energy arrival before time t,
i.e., j = arg max

0≤j≤N−1
{sj ≤ t}.

Based on the definition of the EH constraints, the maximum
departure region is further defined as follows.

Definition 1. Within the time period [0, T ), as in [9], the
maximum departure region D (T ) of the Gaussian MAC
with a shared energy harvester is defined as the union of
all achievable bits pair (B1, B2) satisfying the EH constraint
(16), i.e.,

D (T )=

{
(B1, B2) | Bi=

∫ T

0

ri (t) dt, i = 1, 2, (16)

}
, (17)

where Bi is the total amount of transmitted data from trans-
mitter i, i = 1, 2.

By the convexity of the capacity region (2)-(4), it can be
proved that the maximum departure region D(T ) defined in
(17) is also convex. Therefore, the boundary of D(T ) can be
characterized by solving the following problem.

(P2) max
{r1(t),r2(t)}

µ1B1 + µ2B2 (18)

s.t. (16), (19)

where µ1 + µ2 = 1, µ1 ≥ 0, µ2 ≥ 0. By varying the value of
µ1 and µ2, different points on the boundary of D(T ) can be
achieved.

From the convexity of g(r1, r2) based on (7), we obtain the
following result similar to Lemma 1 in [6].

Lemma 1. The optimal rates ri (t), i = 1, 2, for problem (P2)
keep constant between any two adjacent energy arrival times.

Hence, we use ri,n, n = 1, · · · , N , to represent the data rate
of transmitter i, i = 1, 2, in t ∈ [sn−1, sn). Based on Lemma
1, the sum power g(r1(t), r2(t)) also keeps constant between
adjacent energy arrivals. The continuous time problem (P2)
can then be simplified as a discrete-time problem (P3) as
follows.

(P3) max
{r1,r2}

µ1l
T r1 + µ2l

T r2 (20)

s.t.

j∑
n=1

g(r1,n, r2,n)ln ≤
j−1∑
n=0

En, 1 ≤ j ≤ N, (21)

where ri = [ri,1, . . . , ri,N ]T , i = 1, 2, is the rate sequence
of transmitter i. The above problem is much simpler to solve
than (P2).

III. OPTIMAL RESOURCE ALLOCATION

In this section, we first analyze the structure of the optimal
sum power sequence g(r1,n, r2,n), n = 1, · · · , N , of the
solution for problem (P3). Then, we derive the optimal rate
sequences r1, r2 of problem (P3), i.e., the rate sequences that
achieve the boundary points of the maximum departure region
D(T ).

In [9], we prove that as long as g(r1, r2) is convex over
(r1, r2), the optimal solution of problem (P3) satisfies Lemma
2 and Lemma 3.

Lemma 2. The optimal solution r1, r2 of problem (P3) satisfy
g (r1,n, r2,n) ≤ g (r1,n+1, r2,n+1), ∀n ∈ {1, . . ., N − 1}.
Therefore, the optimal sum power can only stay constant or
increase over time.

Lemma 3. The optimal solution for problem (P3) sat-
isfy that if for any n ∈ {1, . . ., N − 1}, g (r1,n, r2,n) <
g (r1,n+1, r2,n+1), there is no residual energy at t = sn. In
other words, when the optimal sum power level changes, all
harvested energy must be depleted.

Note that the properties of the sum power structure under
the optimal solution of problem (P3) is the same as those of
the single-user channel and broadcast channel cases discussed
in [3] (Lemmas 1, 3) and in [6] (Lemma 3). The optimal sum
power sequence P = [P1, · · · , PN ]T is given as [3]:

ik = arg min
ik−1<i≤N

{∑i−1
j=ik−1

Ej

si − sik−1

}
, (22)

g (r1,n, r2,n) =

∑ik−1
j=ik−1

Ej

sik − sik−1

.
= Pn, for ik−1 < n ≤ ik,

(23)

where i0 = 0.
With the optimal sum power sequence P defined in (22)

and (23), the constraint (21) in problem (P3) can be rewritten
as

g (r1,n, r2,n) = Pn, n = 1, . . . , N. (24)



From (23), we observe that the optimal sum power sequence
P only depends on the energy arrival timing and amounts, not
influenced by the values of µ1 and µ2. Therefore, problem (P3)
can be decomposed into N optimization problems as follows
[6]. For n = 1, . . . , N ,

(P4n) max
{r1,n,r2,n}

µ1r1,n + µ2r2,n (25)

s.t. g (r1,n, r2,n) = Pn. (26)

Denote the curve defined by g (r1,n, r2,n) = Pn as Gn and
the power allocated to transmitter i, i = 1, 2, in problem (P4n)
as Pi,n. By considering the KKT conditions of problem (P4n),
we see that the optimal solution (r1,n, r2,n) should satisfy: 1)
g (r1,n, r2,n) = Pn; and 2) the tangent line for the curve Gn
at this point equals −µ1

µ2
.

Lemma 4. For any given µ1, µ2, there exists a cut-off rate

Rc =
(

log2

(
(h1−h2)µ1

h2(µ2−µ1)

))+

at transmitter 1.

1) If Pn ≤ g (Rc, 0) =
(
h1µ1−h2µ2

h1h2(µ2−µ1)

)+

, all the sum power
Pn is allocated to transmitter 1, that is,

(P1,n, P2,n) = (Pn, 0) , (27)

(r1,n, r2,n) = (log2 (1 + h1Pn) , 0) . (28)

2) If Pn > g (Rc, 0) =
(
h1µ1−h2µ2

h1h2(µ2−µ1)

)+

, the sum power Pn
is allocated to the two transmitters such that transmitter 1 has
the rate r1,n = Rc, that is,

(P1,n, P2,n) =

(
(2Rc − 1)(1 + h2Pn)

h1 − h2 + h22Rc
,

1 + h1Pn − 2Rc

h1 − h2 + h22Rc

)
,

(29)

(r1,n, r2,n) =

(
Rc, log2

(
h1(1 + h2Pn)

h1 − h2 + h22Rc

))
. (30)

Following Lemma 4, the optimal solution r1, r2 of problem
(P3) and the corresponding power sequence for the two
transmitters P1,P2, where Pi = [Pi,1, · · · , Pi,N ]T , i = 1, 2,
can be obtained by solving problems (P4n), ∀n ∈ {1, · · · , N}.

IV. MAC-BC THROUGHPUT DUALITY WITH ENERGY
HARVESTER

In the previous section, we derived the optimal resource
allocation scheme for the MAC with a shared energy harvester.
In this section, we show that with the same energy arrivals, the
MAC with a shared energy harvester and its dual BC achieve
the same maximum departure region within [0, T ). Here we
use the superscript BC to indicate quantities related to BC, and
similarly use superscript MAC for MAC.

The dual BC [12] of the MAC in Fig. 1 is defined as
follows. The constant channel power gains in BC are the same
as those in MAC (h1 and h2 from the transmitter to user
1 and user 2, respectively). The received signals at the two
users are both corrupted by CSCG noise with zero mean and
unit variance. The optimal power allocation scheme to achieve
the maximum departure region in BC channel where the
transmitter is powered by an energy harvester was investigated
in [6] and is summarized here for completeness.

As mentioned in Section III, the sum power sequence in
the BC case also satisfies Lemma 2 and Lemma 3, and can
be obtained by (22) and (23) (Lemma 3 in [6]). Therefore,
with the same energy arrival timing and amounts, we have
PBC = PMAC. In the BC case, there exists a cut-off power

Pc =

(
h1µ1 − h2µ2

h1h2(µ2 − µ1)

)+

. (31)

For each n ∈ {1, · · · , N}, the optimal rate/power for the
two users can be obtained as follows.

1) If PBC
n ≤ Pc, all power is allocated to user 1, i.e.,

(PBC
1,n , P

BC
2,n ) = (PBC

n , 0), (32)

(rBC
1,n, r

BC
2,n) = (log2(1 + h1P

BC
n ), 0). (33)

2) If PBC
n > Pc, the power allocated to user 1 is exactly

Pc, while all remaining power is allocated to user 2, i.e.,

(PBC
1,n , P

BC
2,n ) =

(
Pc, P

BC
n − Pc

)
, (34)

(rBC
1,n, r

BC
2,n) =

(
log2(1 + h1Pc), log2

(
1 +

PBC
n − Pc
Pc + 1

h2

))
.

(35)
Substitute the expression of Pc in (31) into (35), the optimal

rate pair for the case of PBC
n > Pc can be rewritten as

(rBC
1,n, r

BC
2,n) =

(
Rc, log2

(
h1(1 + h2Pn)

h1 − h2 + h22Rc

))
. (36)

Compared the optimal rates given in (33) and (35) for the
BC case with those given in (28) and (30) for the MAC case,
we have the following proposition.

Proposition 2. With the same energy information and any
fixed µ1 and µ2, the optimal sum power sequences, the optimal
rates sequences, and the total amounts of transmitted data
for MAC and its dual BC are the same, i.e., PMAC =
PBC, (rMAC

1 , rMAC
2 ) = (rBC

1 , rBC
2 ), and (BMAC

1 , BMAC
2 ) =

(BBC
1 , BBC

2 ). Therefore, the maximum departure regions of
MAC and its dual BC are also the same, i.e., D(T )MAC =
D(T )BC.

It is worth noting that, however, the optimal power se-
quences (PBC

1 ,PBC
2 ) and (PMAC

1 ,PMAC
2 ) of the dual BC and

MAC, respectively, are different, as indicated by (29) and (34).

V. NUMERICAL RESULTS

In this section, we compare the maximum departure regions
obtained by the optimal offline resource allocation scheme
discussed in Section III against two online resource allocation
schemes that require no/partial information about the energy-
harvesting process. We consider a Gaussian MAC where the
channel power gains from the two transmitters to the receiver
are h1 = 0.9 and h2 = 0.5, respectively. The deadline is
set to be T = 300 s. We generate the energy arrival timing
instants from a Poisson process with an average inter-arrival
time of lave = 10 s. The amounts of harvested energy follow
a uniform distribution over [0, 2Eave] J, where Eave = 100 J



is the average amount of the harvested energy. Therefore, the
average charging rate is P̄ = Eave

lave
= 100 J

10 s = 10 J/s.
The two online resource allocation schemes are explained

as follows.
1) Online “on-off” Scheme: In this scheme, the transmitters

are aware of the average charging rate P̄ , but not the energy
arrival timing and amounts, before the transmission starts. The
two transmitters transmit with a sum power g (r1, r2) = P̄
whenever the available power is no smaller than P̄ ; otherwise,
the transmission is suspended. The sum power is divided and
allocated to the two transmitters in accordance with Lemma 4.
Note that with this scheme, Lemma 1 and Lemma 2 may be
violated during the transmission whenever energy is depleted
in between any two adjacent energy arrivals.

2) Online Passive Scheme: In this scheme, the energy
information is only causally known to the transmitters. During
the transmission, the transmitters can only decide the power
level based on current available energy amount. Upon each
energy arrival, the system passively assumes that there will
be no future energy arrivals before the deadline and adjusts
the sum power such that all currently available energy (the
amount of the latest energy arrival plus the amount of left-over
energy) can be spent uniformly and be depleted right before
the deadline. Similar to the online “on-off” scheme, the sum
power is also divided and allocated to the two transmitters
according to Lemma 4.

Note that even though this scheme obeys Lemma 1 and
Lemma 2, it violates Lemma 3 as long as there are more than
one energy arrivals before the deadline.
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Fig. 3. Maximum departure regions obtained by the offline and online
schemes

In Fig. 3, we show the simulation results averaged over 200
runs. As can be seen from the Fig. 3, the maximum departure
region D(T ) achieved by the proposed optimal offline resource

allocation scheme is strictly larger than those achieved by
the two online algorithms. With one of the two transmitters
sending the same amounts of data for all of the three schemes,
the online “on-off” scheme and the online passive scheme
depart less data (around 10% and 15% less, respectively) than
the optimal offline scheme, despite of the values of µ1 and
µ2. Due to the lack of energy information, violation of the
Lemmas 1-3 happens in the online schemes, which results in
the shrink of the maximum departure region.

VI. CONCLUSION

In this paper, we studied the optimal resource allocation for
two-user Gaussian MAC with a shared energy harvester under
a deterministic EH model. We obtained the structure of the
optimal sum power sequence and the optimal rate scheduling
over the two transmitters to achieve the boundary points of the
maximum departure region. We proved that there exists a cut-
off rate at the stronger transmitter; the weaker transmitter can
get non-zero rate (power) only when the stronger transmitter
reach its cut-off rate. We also obtained the fact that the MAC
with a shared energy harvester and its dual BC own the same
maximum departure regions.
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